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Abstract. This paper is motivated by GABOR SZASZ’s introduction of outer measure based on valuation for lattices. We introduce
order-preserving valuation on a relative sub lattice of the lattice, a countable cover of an element in a relative sub lattice, outer
measure induced by a valuation of a relative sub lattice, N* measurability and to establish certain elementary properties of induced
outer measure via order preserving valuation on a relative sub lattice. To prove outer measure via order preserving valuation on a
relative sub lattice is also valid the outer measure generated by measure, we define the definition of outer measure on relative sub
lattices of a lattice L induced by a measure N on Q of relative sub lattices of L, measure on algebra of relative sub lattices and
outer measure of relative sub lattices, we prove L() is a sigma-algebra where L(2) is the class of N* measurable relative sub
lattices and deduce a corollary that N*(S) = N(S), also we prove that outer measure to any subset E of a relative sub lattice
SeQsand outer measure to relative sub lattice BEQqs are equal. Finally, by defining sigma-finite measure on Q and N* generated
by N we prove a relative sub lattice E is measurable N* < E is the proper difference S ~ B of a relative sub lattice A in Qo5 and a
relative sub lattice B with N*(B) = 0. Further each relative sub lattice B with N*(B) = 0 is contained in a relative sub lattice
C in Qos with N*(C) = 0.

INTRODUCTION

By the concepts of Anil Kumar etal [1, 2] here we provideln section2, the definitions of valuation on lattice, order
preserving valuation on a relative sub lattice of lattice, countable cover of an element in a relative sub lattice, outer
measure induced by a valuation of a relative sub lattice, N* measurability are defined and some properties of the
induced outer measure are proved. The following results are established.

[1] On a distributive lattice and a valuation of the zero element is zero then it is finitely-additive. For any element of
a relative sub lattice the order preserving valuation of an element is equal to its outer measure. Outer measure of zero
element is zero. N* measurability of an element in a C.B.L. Every element of relative sub lattice is N* measurable.
An element ‘€ in L is measurable & €’ is measurable. If the N* measurability of an element is zero also, the (set of
all) N* measurable elements of a relative sub lattice H is sigma-algebra

After defining valuation on a relative sub lattice H of a lattice L and the outer measure on L induced by this valuation.
To establish outer measure via order preserving valuation on a relative sub lattice is also valid the outer measure
generated by measure we define outer measure on relative sub lattices of a lattice L induced by a measure N on Q
(where Q is an algebra) of relative sub lattices of L. One might wonder if this is mere repetition of the contents of the
above. However, in this particular situation we get more information than what we have presented in above.

In section3 measure on algebra of relative sub lattices and outer measure of relative sub lattices are defined and also
some basic properties of measure are presented.
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In section4 we prove L(%) is a sigma-algebra where L(Z) is the class of N* measurable relative sub lattices and
deduce a corollary that N*(S) = N(S).

In section5 we prove that the outer measure of any subset E of a relative sub lattice SEQ and the outer measure of
relative sub lattice BEQq; are equal. Finally, by defining sigma-finite measure on Q and N* generated by N we prove
a relative sub lattice E is N* measurable < E is the proper difference S ~ B of a relative sublattice S in Qg5 and a
relative sub lattice B with N*(B) = 0. Further each relative sub lattice B with N*(B) = 0 is contained in a relative sub
lattice C in Qss with N*(C) = 0. It is note that partial lattice is called as relative sub lattice.

ORDER PRESERVING VALUATION ON A RELATIVE SUB LATTICE

This section is motivated by GABOR SZASZ’*[3] introduction of outer measure based on valuation for lattices. We
introduce the outer measure via order preserving valuation on a relative sub lattice H.

Definition2.1.[1]On L, UI: L —»1*° (Where =~ [1°=T1U {oo}) is called valuation if U(:€©V €,) + U(€A€,) = U(€))
+ U(€,).

W is order preserving if (:€,) <U(*€©;) whenever €< €.

Note2.1. U(€V €©,) < U(€)) + U(€>).

Example2.1. Any chain (real valued function) is a valuation.

We now define order preserving valuation on a relative sub lattice of a lattice.

Definition2.2. Suppose L is a lattice and H is a relative sub lattice in L. I: L —[1” is said to be valuation on H if
(€ V €,) + U(€IA €©2) = U(€)) + U(€2) whenever ‘€A €, €1V €©; €, ©,, belongs to H and U(€)) < U(€>)
whenever ‘€< €.

Example2.2. [Giri Thesis]

Definition2.3. Let H a relative sub lattice in L, (where L be C.B.L) and {«©; /i€EN} in H is a countable cover of ©

inLife< v €.

i=1

Example2.3. L = P(N), H = P(E) where E is positive even integers. Clearly H is a relative sub lattice of L.
Put€ =E €L,€,= {2n}. Here E = V€, is countable cover.

Definition2.4. Let U be an order preserving valuation on a relative sub lattice H contained in a C.B.L L.

If <©€L define N*(«€) = inf {> H(€;) /{€i} countable cover of €€ in H }

Clearly U*(«©) = +o if “© does not have countable cover in L. N* is called outer measure induced by H.
Definition2.5. (N* measurable) An element ©€L is called N*measurable if N*(x A€) + N*(x A€") = N*(x)
for any x€H.

Observation2.1. [4] If 2 and 3, are N* measurable then

N¥*(B1V32) + N*(31A2) = N*(31) + N*(2).

Result2.1.The following are properties of outer measure induced by H

(1) N*(«©) is non- negative for every ‘©© €H and also N*(0) =0
(i1) ©<binL = N*(€) < N*(b)
(ii1) If {«€,} is any sequence in L, NEV €©,) <> U*(ey)
Proof of (iii). A sequence {€,z} in H 3 €, < \k/ Sk
Then {€w/n >, k>€} is a countable collection in H 3 v €©,< \k/ Sk
> N¥(ve,< z H(€u) ~----------- (1)

" nk

Now ¥ k, there exist {bn} 3
€
€<V by and Zk: H(bu) < N¥(€4) +

Therefore Z Z H(bn) <N*(€y) + &
n k

By (I), N¥ (V€)<Y ) H(bu) <N*(€) +&

The above is true for every €>0
= N*(\V €,) <Y U*(ey).
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Result2.2. I[f 11(0) = 0 and L is distributive then U is finitely-additive.
Proof. Clearly if ‘©,A€©, = 0 then
U1V €©) = U(€ 1V €©,) + 0, by definition of 2.2 U(€)) + U(€:) = U(C A €©,) + U(€ 1V €,)

n
Assume that if €, ©,.....,/€, are pairwise disjoint, Z HUEe) =U( v ©)
P i=l

n
I£€1, ©,,..... 400 are pairwise disjoint, U(v €)= ). Ue)
=l P

n+l n
Now U( v €)=HU(\v €eVey)
i=1 i=1

=HU(Cnr)TU(\/ €©))
i=1

n+l

[Since€n1A( v €)= v (Crnine)=0]
i=1 i=1
n n+l
= Z (€ TU(E) = Z H(-€))
i=l i=l

Hence by induction U is finitely-additive.
Result2.3. If ‘©€H then N*(€) = 1(€)

Proof. By definition2.4, N*(-€) < U(€) ------ (1)
Let 1€H.
Clearly U(€) < U(\V ©)) <> U(€)), whenever €€ <V ©;
= U(€) <inf ) U(€)) = N*(©)
SU(C) < N*(€) -----m-mmmmmm - ()
(1) and (2) gives U(€) = N*(-©).
Result2.4. N*(0) =0
Proof. By definition 2.4, 11(0) =0
By the result 2.3, N*(0) =0
Result2.5. An element ‘©€L is measurable &
N*(x) 2 N*¥(x A€) + N*¥(x A€') ¥ xeH.
Proof. For any x€H, ‘©€L
Now, x =x A€
=S X=X A (eve')
SX=XAL)VXAE)
= N*(x) = N*[(xA ©) V (x A€")]
= N*(x) < N*(x A ©) + N¥(x 1€")

[By countable sub-additivity]
So, to prove €€ is measurable, we prove
N*(x) = N*¥(xA €) + N*(x A€") ¥ x€H.
Result2.6. Every element ‘© of H is N* measurable and N*(-©) = 1(©).
Proof. Take a N* measurable element ‘€ in H.
By result 2.3, it holds good.

Result2.7. If €©€L then ‘€ is measurable < €' is measurable

Proof. Suppose € is measurable. If x€H

= N*(x) = N*[x A €] + N¥[x A€']

= N*(x) = N¥[x A (€)] + N¥[x €]

= N*(x) = N*[x A€ + N*[x A (€')]

= “©' is measurable.

Result2.8. For any a relative sub lattice H in L, ‘©€L 3 N*(«€) = 0 then ‘€ is measurable.

Proof. Take ‘©€L 3 N*(€©) = 0.
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For any x€H, clearly x A€ <€
= N¥(x A€) < N*()

= N¥(X AC) 0 -----mmmmmeeeeev (1)
[Since N*(1) > 0]

From (1) and (2),

N¥(xA€)=0 3)

Again, for any ©' in H, x A€’ < x

= N*(x A€') < N*(x)

= N*(x) 2 N¥(x A 1)

= N*(x) >0 + N*(x Al')

= N* () = N*(x A+ N*(x A1) [By (3)]

Therefore 1 is measurable.

Result2.9. If €, ©,in L are N* measurable then so is €V €.
Proof. Let €, ‘©,€ L and x€H.

Consider N*[XA(€1V €©2) + N¥[X A (€1V €©2)']

= N*{X A [€V(CAC)]} + N¥[X A (€©1VE2)]
By distributive property and D’Morgans’s law, the proof follows.

Result2.10. If H is a relative sub lattice in Land ‘©), ‘©,in L are N* measurable then so is ‘€ A€;.

Proof. Let €1, “©2 are N* measurable

=€/, ©,’ are N* measurable

=€ 'VEe, = (€IN€,) is N* measurable

= © A€, 1s N* measurable.

Result2.11. Let x be any element in H and €, ©........ €, be a finite sequence of disjoint N* measurable elements
then

NAxA (v €)= ), NHxA€).
= =
Proof. By induction on n.

If n=1, obviously the above result is true.
Assume that this the above is true for n-1 element.

n-1 n-1
That is N*[x A (v €)]= ), N*(x A€)
= =1

We have to show that

n

NxA (v @)= ), NHxne).
= i=1
Consider

N*[x A(i; )]
= N*[{x A (v QYN +

N xACy eopaey]
[Since €, is measurable]

= N*[{x A (v e)Ine,] +

NAL{xA( v e)ne,]
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= N*(x A€0) + N*[x A {( rl;l CHVEeINEL]
i=1

[Since €. v €]
i—1

n-1

= N*EA€) + N¥*[x A (v €)AE]
i=1
[Since ‘€A€, = ¢]
n-1
= NFACH) + NF[x A (v €9)]

[Since ©AC=, Vi=12,.....n—1
s>ece,Vi=12,....n-1

n-1

= N¥(xAC) + ) N*(x A€)

i=1

:Z N*(x A€)), is true for n.
o1

n n
Therefore N*[x A ( \/1 )] = Z N*(x A€)) is true ¥n by induction.
= i=1
Hence the result holds »n.
Result2.12. The set of all N* measurable elements of a relative sub lattice H is sigma-algebra.
Proof. Let M the set of all N* measurable elements of a relative sub lattice H.
Let ©€EM.
=, | is N* measurable element
By result2.7 €©" is N* measurable
= €e'eM
Now let €1, ‘€€ M
=, €|, €, are N* measurable elements
=, ©,V€,is N* measurable
[By result2.9]
=, € 1VE,eEM
Therefore, M is algebra.
To prove M is sigma-algebra, it is enough to show that countable collection of N* measurable elements is also in M

0

Let €y, ©,, .. be acollection of N* measurable elements, put € = v1 €,
n=

n-1

Write by = €©jand b, =€, — ( AVI ©;) forn>1
i=

0 0

Then {*€,} is a class of mutually disjoint N* measurable elements 3 b, Ab, = 0 for n # m and also V1bn = \/1 e, =
ne

n=
e.
0

Write ¢c,= \/1 bi% n
1=

= ¢, is N* measurable for every n

To show that ‘€ is N* measurable, Let x be any element in H

Consider, N*(x) = N*(x Acn) + N*(x Acy')

[Since c, is N*measurable]

N*¥(x) 2 N*(x Acn) + N¥(x A€') [Since c,< €. = €' <c), > X A€ < XAcy,
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= N¥x A€') < N*(x Acy)]
= N*(x A(V b)) + N¥(x 4€)

=) N Ab) + NH(x A€)
i=1
[By result 2.11]

N¥(x)> D N*(x Ab) + N*(x A€") ¥ n
i=l

N*®) 2 ) N*(x Ab) + N¥(x )

i=1
> N*[ v (x Ab)] + N*(x A€)
i=1
[Since N* is countable sub-additive]
= N*[x A (v b)] + N*(x A€)
i=1

=N*[x A€] + N*(x A€)
N*(x) 2 N*[x AC] + N*(x A€')
=, €© is N* measurable
Therefore, countable collections of N* measurable elements are in M.
Hence M is sigma-algebra.

OUTER MEASURE GENERATED BY MEASURE

In section2, we defined valuation on a relative sub lattice H of a lattice L and the outer measure on L induced
by this valuation. To establish outer measure via order preserving valuation on a relative sub lattice is also valid the
outer measure generated by measure. Here we provide the definition of outer measure on relative sub lattices of a
lattice L induced by a measure N on Q (where Q is an algebra) of relative sub lattices of L. One might wonder if this
is mere repetition of the contents of the section2. However, in this particular situation we get more information than
what we have presented in section2.

Let us recall the definition of outer measure.

Definition3.1. [4] Let X be any set, LCP(X) be a lattice 3 § eEL = §C € L, P the set of all relative sub lattices of L.

By an outer measure N* we mean an extended real valued set function defined on the set P of all relative sub lattices,
HcL satisfying the following properties.

(1) N*(¢)=0
(2) 21E€3:= N*(21) < N*(32)
[Monotonicity]

() SV 8> N9 D, N¥(8)
= i=1
[Countable sub-additive]
Note3.1. From the definition N* is finitely sub-additive.
Definition3.2. [4] A relative sub lattice § is said to be measurable with respect to N* if N*(3) = N*(3A3) + N*(3ASC)
for every relative sub lattice 3, where 8¢ = X — 8.
Note 3.2. For any 3 in P, we can write 3 = (3A ) V (3A §%).= N*(3) < N*(3A §) + N*(3A §°). So to show that E is
measurable, it is enough to show N*(3) > N*(3A §) + N*(3 A §°) for every 3€P.
Definition3.3. By a measure on an algebra Q of relative sub lattices in a C.B.L LcP(X) we mean it follows measure
on an algebra Q[4]

Example3.1. Let D = {A/AC[] is an open set in [0, 1]}. Clearly A is a relative sub lattice under usual ordering on
[1.Now m€A, nEA = mVn =m or n. So mvVn €A and mAn€A
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If {A;} is a sequence of open sets then so is V' A;

Clearly ¢€D

Now A" = {1l —m /m€A} is open set

A is open, = —A is open.

= 1 — A is open set

= A’is open set and A’ € [0, 1]

= A’ € D whenever A€ D.

Let N be the Lebesgue measure on'J, = N(¢) = 0. If {A;} is a disjoint collection in D then

N(V A)= Z N(4)) from the Lebesgue theory.

Definition3.4. [4] A lattice measure space (X, L(AB), N) is complete if L(AB)possess all relative sub lattices of
members of L(Z)of measure zero. That is, if B € L(#) and N(B) =0 and SEB = S € L(%).

Here the author proceeds with a measure on an algebra Q of relative sub lattices and later he expands this to a measure
defined on an sigma- algebra L(%) containing Q. First, we define outer measure on P.

Definition3.5. Let N be a measure on an algebra Q of relative sub lattices, for any relative sub lattice §, we define

N*(8)=Inf { Z N(Si) / {Si} ranges over all sequence from Q 3 § S v S;} N* is called the outer measure
ic1 =

generated by N.

Note3.4. Clearly N*(§) >0 % § €P

Definition3.6. [4] N* is said to be regular if

given any relative sub lattice § of X and any €>0

there is a N* measurable relative sub lattice S with § € S and N*(S) < N*(§) + €.

Note3.5. A relative sub lattice H in P is N Measurable if N*(8) = N*(§ AH) + N*(s AH) v s .

N* MEASURABLE RELATIVE SUB LATTICE

Result4.1. [1] For S €L we have N*(S) = N(S)
Result4.2. [2] If (L, L, N) is a lattice measure space then we can find a complete measure space (L, Lo, No) 3
(1) LEL,
(ii) SEL = N(5)= No(®
(iii) SeELe S=SVvB,whereBELand ScC,CeL, N(C)=0
Theoremd4.1. L(%) in P is a sigma-algebra. If N is N* restricted to L(48), then N is complete measure on L(%).
Proof. Claim. L(#) is a sigma-algebra.
Part — I: For any set 2,
(i) N*(BAd) + N*(2A¢°)
=N*(¢) + N*(3) =N*(2)
= ¢ is N* measurable.
= OEL(RB)
Therefore L(RB) # ¢
(i) We show that § €EL(%) = 8§ EL(R)
Let E € L(R).
Then N*(3) = N*(3A § ) + N*(3A §°) for every relative sub lattice 3.
= N*(3) = N(3A §) + N*(3A §) for every set 3.
= 8 is N* measurable.
= §C eL(R)
(1i1) Let 81,8, EL(RB), = 81V 82 EL(R).
Now we show §;V §; € L(R).
That is N*(3) = N*[3A (81 V §)] + N*[3A (81 V §,)¢] for EEP
Clearly N*(3) < N*[3A (81 V 82)] + N*[3A (8:° A §.9)]
Consider
N*3A 81V 8)] + N¥[3A (3:€ A §:0)]
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=N*BA[S1V (52—8)]} +
N*[BA (3:1° A 8,9)]
=N*{(BA8) V[3A (52A 8]} +
N*[3A (3:1° A 8]
SN*BA8) + N*[BA (82A 819)] +
N[ (51 A 8:9)]
= N*(3A &) + N*[(BA 8,9 A 8]} +
N*[(BA §1°) A 8]
=N*@A 1) + N*@A§)
[Since 8, is N* measurable]
=N*@3)
Therefore
N*(8) = N*[3A (31V 82)] + N*[3A (31 V $)°]
= §;V §, is measurable.
=>5VS$E L(c%)

So, the join of two measurable relative sub lattices is measurable and by induction the join of any finite number of

measurable relative sub lattices is measurable.
Therefore L() is algebra of relative sub Lattices.

Let § = v §;, where { §;} is disjoint sequence of measurable relative sub lattices.
1

n
Write G, = \/ §;

i=1
Then G, is measurable Yn.

Claim. N*(3) > N*(3A §) + N*(3A §%)
Consider

N*@) =N*@AGy) + N*@A G )

[Since G, is measurable]
> N*(3AGy) + N*(3A §°)

. A A c.
[Since G,€ § = §¢ Gn is measurable]

= N*[(8AGn) A 80)] + N*[(BAGn) A $:5)] +
N*@AE®)

=N*(3A §,) + N*(3A Gy.1) + N*(3A §°)

n-1

=N*(3A &) + N*[BA (v §)] + N*(3A§6)
i=1

n-1
=N*@AS) +Y. N*(@AS) + N*@A §9)

i=l

n-1
[Since N*(@A Got) =) N*(3A $)]

i=l

= N¥@A8) + N*@A 89)
i=l

Therefore

N¥(@)=N*BA3) + ). N*@AS)¥n

i=l
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= N* @)= N*(3A8) + ) N*@@AS)
i=1
> N*(3A §€) + N*(3A §)
[Since 2A8= v 3 A& and

i=1

N*@A3)=) N*@A8)]
i=1
Therefore N*(3) > N*(3A §%) + N*(3A §)
Therefore, S is measurable.
Since the join of any sequence of relative sub lattices in algebra Q can be replaced by disjoint join of relative sub
lattices in the algebra, it follows that L(%) is a sigma-algebra.

Part — II: Suppose N = N*/L(%B)
Claim. N is a complete measure on L(%).

(i) By result4.1 and result 4.2 (ii), we have
NB) =N*(3) ¥ 8 EL(%)
= N(¢)=0
= N*(¢) =0
Also N is a non — negative function defined on L() which is the class of a N* measurable relative sub
lattices L(%).
(i) First, we show that N is finitely-additive.
Let §; , Sy EL(e%) and §; A §2:(|)
Consider J_\I(é] \Y §2) :N*( $V §2)
=N*[(31V &) AS]+N¥[(81V $) N3]
[Since E; is N* measurable]

=N*(8) + N*(82)

-Ney+ RN

Therefore N(81V 82) = N(81) + N(52)

So this holds forn=2

Suppose, this is true forn — 1

Take {S1,82,..cu.n.. Sn-1, Sn} be a disjoint collection
of relative sub lattices in L(%).

[By absorption law and distributive law]

n-1
Then \/ $jand §, are disjoint relative sub lattices in L(%)
i=1
n-1

So N(g $)= NI( v §) VS

_ nl _
=N[(i\:/l §)] + N(w)

n-1 n
=D NG NG)= Y, NG)
i=1 i=l

Hence this holds for n.

By induction this holds » n.

Therefore N is finitely-additive

(iii) Let {S;} be a disjoint sequence of
measurable relative sub lattices and

8

S§= §,‘

._
Il
—

n
Then \v SiC S this is true ¥ n
i=1
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e RO R I () E— ©)

i=1
From (1) and (2),

NE =), N
i=1
Therefore N is measurable on L(%).
Now we claim that N is complete.
Let B be any measurable relative sub lattice 3 N(B) = 0.
Let 2EB.
Claim. 3€ L(A).
Since 3€B, we have N*(3) < N*(B) = N(B) = 0.
= N*(3)=0.
For any set C, C A3S3, C A3‘S C
= N*(CA3)<N*@)=0
= N*(C A3) = 0 and N*(C A3°) < N*(C)
That is N*(C) > N*(C A 2°) + 0
= N¥C)>N*¥(CA ) +N*¥(CA)WC
= 3 is measurable.
=3 € L(B).
So L(%) contains all relative sub lattices of measure zero.
Therefore N is complete measure.
Hence the theorem

Lemmad4.1. Let Q be algebra of relative sub lattices and N be a measure on an algebra L(%). If {Si} is any sequence

0

of relative sub lattices in Q 3 SC v Sithen N(S) < Z N(S)).
i=l i1

n-1
Proof. Write B,=S A SuA (v S)©
i=1

Then B,€Q and B, € S,, also B, € S,,¢ for m<n,

For any n > m,

B A Bin€ Siu© ABmC S A Sim = ¢.

Therefore {B.} is a sequence of disjoint relative sub lattices from S.
Now we show S = Vv B,.

By definition B, S S A S, ¥ n.

= vB.Sv(SAS)=S [sinceSS v Si=S=SA(v S)= v (SAS)]
n=I n=I i=1 i=1 i=1

Letx €S cvV S.

= X € S, for some n
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Let n be the smallest positive integer 3 x € S,
=X € S ¥i<n

n-1
> X E&( \—/1 Si)
n—1
=>xESAS)-(v Si)=Bs
i=1

Therefore S €V B,
n

Therefore S = Vv B, and {B.} is a sequence of disjoint relative sub lattices in Q. Then by definition of measure on

algebra we have

N(vB) =3 Ny
SNE)=) NB)< Y NSy

[Since B, € S,]
Hence the lemma
Corollary4.1. Let N be a measure on an algebra
Q of relative sub lattices. If S € Q then N*(S) = N(S).
Proof. Let S € Q
Since S C S, by definition 3.1, N*(S) < N(S)
[Since N*( S) is infimum]

By the lemma 4.1, N(S) < Z N(S;) for any sequence { S;} 3S S/ §;
izl i=1

= N(S) < N*(S) [By definition 3.1]

= N(S) = N*(S)

Hence the corollary

Lemma4.2. N* is an outer measure.

Proof. Clearly N* is a non-negative extended real valued function.

(1) N*(¢) =0 is clear [since ¢EL(R)]

(i) suppose S € B

Let {B;i} where i =1 to o« be a sequence of relative sub lattices in Q 3 B € \/ B;
i=1

=>ScBCc v B
i=1
=>S§\/ Bi

i=1

= N*(S)< ) N(B) [By definition 3.1]
i=1

= N*(S)<Inf { Z N(B;)/B c \/1 Bi, where {Bi} is a sequence of relative sub lattice in Q}.
i=1 =

= N*(S) =N*(B)

Therefore N* is monotone.

§i

<8

(1i1) Suppose § S

Claim. N*(§)< . N()

i=1
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If N*( §i) = oo for some i, then there is nothing to prove.
Suppose N*( §i) < oo, M.

Let £ 0.
Now N*(§;) + Z—SL is not a lower bound of the set

{ Z NSy sic \/1 Sij, where { S;j} is sequence of relative sub lattices in Q}. = 3 { S;j} where j =1 to o of relative
. i=
j=1
sub lattice 3 §;S Vl Sij and z N(Si) < N*(8) + 2_81 .
j= .
j=1
This is true for each i.

<8
<8

NOWSC\/ §i= Si= V. Sj

i j

I
-
Il

i

So by deﬁmtlon 3.1, we have
N =Y, NS= Y 1Y NSy
Lj i j

<Z [N*(3) +]

E

DIRECEE
—Z NS HE

[Sincez

Since €>0 is arbitrary, we have

N¥@ < Y N¥(8)

=1
Therefore N* is countable sub-additive.
Hence N* is an outer measure.
Hence the lemma
Lemmad4.3. Let Q be algebra of relative sub lattices and N be a measure on the algebra Q. If 3€Q then 3 is measurable
with respect to N*.
Proof. Let S be any arbitrary set.
Claim. N*(8) = N*(§ A3) + N*(5 A2°)
Clearly N*(8) < N*(8 A2) + N*(§ A2°)
Now it remains to show,
N*(8) = N* (8 A3) + N*(5 A8°)
If N*( §) = oo then there is nothing to prove

Suppose N*(§) < oo and let € >0
By definition of N*(8), N*(§) + € is not lower bound of set

0y NEYEISVES)

i=1

= 3 a sequence {S;} of relative sub lattices in Q
53C v diand ), N()<N*(§)+E.
i=1 -1

For each i,
We can write 3; = 3iA X
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= 2iA (3V3©) = (3A3) V (3iA3°)
= N(@i) = N(BAZ)) + N(BiAB®) ¥ i --------- )

Consider
§ A3CS v (3A3;) and § A2°C \/ (3iA3°)
i=1 i=1

0

Then N*(§ A 8) < Z N@AZ)and N¥(8A2%) < ) N(@iAg®)

i=1 i=1

Consider
N*(8 A3) + N*(§ A3C)

<) NEAZ) + Y. N@iA9)
i=1 i=1

= > [N@3AZ) + N(3inz)] =) NE@)
i=1 i=1

Since & > 0 is arbitrary, we have

N*(8) = N*(§ A2) + N*(§ A8Y) ¥ 8

= With respect to N*, 3 is measurable.

Note4.1.outer measure induced by N also said to be the outer measure N*

[By definition 3.4]

[By definition 3.1]

[from (1)] < N*(§)+§&

OUTER MEASURE GENERATED BY N

NoteS5.1. Let Q be algebra of relative sub lattices. As mentioned earlier we use Qs to denote those relative sub lattices
that are countable join of relative sub lattices of Q and also we use Qqs to denote those relative sub lattices that are

countable intersections of relative sub lattices in Qo.
Clearly Q €QsSQos

Theorems5.1. Let N be a measure on an algebra Q of relative sub lattices in P of LCP(X) and N* be the outer measure
induced by N and § be any relative sub lattice. Then for every € > 0 there is a relative sub lattice SEQ, with §SA and

N*(S) < N*(8) + €. There is also a relative sub lattice BEQqs with S€ S and N*(§) = N*(B).

Proof.
Part—I: Let€E>0
Then by definition of N*( §), we have

N*(8) <Inf{ Z N(Si)/ s € \/ S;, where {S;} is a sequence of relative sub lattice in Q}.
i=1

i=1
Then N*('8) + € is not a lower bound of the set

{ z N(Si) /8§ c \/ Si, where {S;} is a sequence of relative sub lattice in Q}.
sl i=1

A _ _ %/ A
= 3 a sequence {S;} of relative sub Lattices in Q 25 < Y Siand Zl N(Si) <N*(8) +&.
1=

Write S = Vv §;

Then SEQ,; and § €S
Also N*(S) S N*(Vv S))

<Y NS
i=1

[Since N* is countable sub-additive]
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=Y NS
i=1
[By corollary 4.1]
<N*(E)+€
Therefore, for any € > 0, there is a relative sub lattice S in Qs3 § € S and N*( S) < N*(§) + &.
Part — II: By part — I, for each positive integer n there is a relative sub lattice S,€Qs3 § €A, and N*( S) < N*(8§) +

1
— ¥n
n

Write B= A S..
i=1

Then BEQys and § B
Now N*(B) = N*( /n\ Sn) S N*(Sp)

SN*(8) + l , this is true » n.
n
= N*(B) = N*(3)
Also, N*(§) < N*(B) since § B

So N*(B) = N*(§)

Therefore, there is also a relative sub lattice B in Qs5 and § €B and

N*(8) =N*(B).

Hence the theorem

Corollary5.1. The outer measure induced by a measure on algebra Q is a regular outer measure.

Proof. By lemma 4.3 and Theorem 5.1.

Theorem5.2. Let N be a sigma-finite measure on an algebra Q and let N* be the outer measure induced by N. A
relative sub lattice E is N* measurable & § is the proper difference S ~ B of a relative sub lattice A in Qs and a
relative sub lattice B with N*(B) = 0. Each relative sub lattice B with N*(B) = 0 is contained in a relative sub lattice
C in Qg5 with N*(C) = 0.

Proof.

Write L(9) = the class of all N* measurable relative sub lattices. Then L(%) is a sigma-algebra and QSL(A) (by
lemma 4.3, each relative sub lattice in Q is measurable).

= QGSQL('%)

[By theorem 4.1, L() is a sigma-algebra]

Write N = N*/L(%).

Then N is a complete measure

[By theorem 4.1]

Suppose § = S ~ B, where S €Qqs, B is 3 N*(B)=0.

Since S €Qqs, we have S € L(A).

Since N*(B) = 0, we have BE L(%).

Therefore S, BEL(A)

=>E=S~BELRA).

= E is N* measurable.

Conversely, suppose that § is N* measurable, that is, EEL(Z).

Part — I: since N is sigma-finite, by definition 3 a sequence of relative sub lattices {X;} in Q 3 X = Vv Xj and N(Xj) <
o0, ¥ 1.

We can suppose that X;’® are disjoint.
NOW§:§AX:§A(\/X1): \/(§AX1)
1 1
= V §i
1

Where §=8 A X; € L(R)
[Since § CL(AB), Xi €Q SL(RB)]
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Consider §=XiA E
Then N(8i) = N*( 8;) < N*(X;) < 0.
[Since N = N*/L(B), $€L(B)]

_ 1
Part — II: Now we show that for each positive integer, there is a set SHEQs2 N(Sp—§) < — ¥ n.
n

By Theorem 5.1, for each positive integer n, there exist a relative sub lattice Spj in Qs 3 N*(Syi) < N*(S§i) + 7
n
and §iCS,; Mi.
PutS,= v Ssui
i=1
Then§= Vv §EV Sui= Sy, ¥ nand S,€Q,

[Since Su—§ = (V Sui) —8 SV ( Sui-§)]

NSi—8)< . N(Sui—3)

i=1
[Here N and N* are same on L(%)]
<Y [N - NG
i=1
[Sirlce - S'ﬂ = Sn,i_Z S\Y (Sn’i, Si )
= N(Sni) = N(&) + N(Sni— 5]
1 1 &1

8

_ 1
Therefore N(Sp~8) < — ¥n
n

Write S= A Sa

n=I

Then S €Qqs [Since S,€Qs]
We write § =S ~ (S ~ §), where S is relative sub lattice in Qg5 and N*( S ~ §) =0

[Since S~ECSS,~E V n
S0 NS~8)<NSn~9 < 1 Vn
n

= N(S~E)=0.=>N*(S-E)=0]
Part — I1I: Suppose N*(B) =0
Then B is a N* measurable.
[Since given N*(S) > N*(S A B) + N*(S A B’)
>0+ N*S AB)]
By part — II, there is a relative sub lattice CEQss 3 BEC and N*(C ~ B) =0.
Now N*(C) = N*(C A B) + N*(C AB')
= N*(C) = N*(B) + N*(C - B)
=0+0=0.
Therefore, each relative sub lattice B with N*(B) = 0 is contained in a relative sub lattice C in Qg with N*(C) =0
Hence the theorem
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CONCLUSION

After established certain elementary properties of induced outer measure via order preserving valuation on a relative
sub lattice, we proved outer measure via order preserving valuation on a relative sub lattice is valid the outer measure
generated by measure.
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