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Abstract--- In this paper a systematic study is made, which is aimed at exploring a food chain model related to
plants, the herbivore animals and carnivore animals and their impact on the global ecosystem. The study establishes
the behavioural dynamics among the three participating species. The proposed model adopts a functional response
traceable to Holling type-Il for grazing of plants by herbivores and the hunting of the herbivores by the carnivores
for their survival. The boundaries of the solution and Hopf bifurcation analysis are discussed at the positive steady
state. The persistence (tendency of each specie to resist the invading specie), the global property of dynamic systems
is discussed as a part of this study. The statistical randomness of population of each selected specie in the steady
state of co-existence due to white noise is also computed. Finally, numerical illustrations are presented to support
the results of the study.
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I. Introduction

The interrelation between completely different biological process levels in an ecological food-chain system
has induced interest in mathematical ecologists for a long time. The study of the dynamics of this relationship is one
of the dominant subjects in mathematical ecology which can be obtained through the formulation and analysis of
mathematical models. Primary producers and primary consumers are the building blocks of biological process levels
in an ecological food chain system. Plants (the primary producers) are capable of producing their food requirement
from photosynthesis or by inorganic oxidation. The primary consumers are herbivores which prey on primary
producers, the plants for their food source. Again the primary consumers, the herbivores as a most favorable food
source for carnivores. Often, there are instances of carnivores becoming prey to species of carnivores. The seasonal
environmental fluctuations have also a profound effect on these factors.

The food web models of those three species are elementary building blocks of huge scale ecosystem. The
essential understanding of interactive dynamics of 3-species food cycle models are helpful to study the short term or
long term behavior of ecosystems. The systems of differential equations can be used to model a food cycle which
approximates species or the behavior of functional feeding group with various functional responses.

Many of the ecological models considered in the ecological literature [16, 18, 19, 8] are constructed by involving
functional responses. Mukhopadhyay, B. Bhattacharya [9] studied an ecological food chain model nutrient-
autotroph-herbivore model. In this model the Holling type-I1 functional response of herbivore is considered. Panja.P,
Mondal. SK [11], Rangithkumar Upadhyay [13] studied a phytoplankton-Zooplankton and fish model having
functional responses of any two species by third species is of Holling type-II.

In nature, the life history of members of many species may be separated into distinct stages. These stages
represent the flexibility and the resistance within species offered to natural enemies at different stages of its growth.
It will have an effect on the persistence and extinction of biological population to varying degrees. Meng etall [25]
investigates the steadiness and Hopf bifurcation in a three-species system with stage structure for the predation.
Hariyanto [23] mentioned the analysis of the persistence of the dynamical system.
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Many researchers observed that the environmental fluctuations also caused the different behaviors of the
dynamic systems. J.Ripa [22] studied the effect of environmental noise in ecological food webs. R.M.May [21]
investigated that the population has deviated more from steady states in a biological system involved in stochastic
fluctuations by considering white noise for a population. Some of these studies motivated us to compute the
population stochasticity around the steady state of co-existence due to white noise.

Il. The Food Chain Model

In this paper, the plants act as resource biomass. The herbivores grow by eating plants and a carnivore grows by
eating herbivores. In this model of Plants-Herbivores-Carnivores (P-H-C), plants are purely prey. Herbivores are
food source for carnivores and simultaneously food source for herbivores is plants population. Here herbivore acts
as both prey and predator simultaneously.

P(t), H(t) and C(t) denote the density of plants, herbivores and carnivores respectively at any instant of time t.

Assumptions

i. The parameters r and s are intrinsic growth rates of plants and herbivores respectively, and it is also
assumed that the growth of the plants and herbivores is logistic.

ii. The parameters 'Bland 71 denote the attack rate at which the single herbivores searches for plant and the
single carnivores searches for herbivores, whenever predator is not currently consuming prey item.

iii. The parameters % and %2 are half saturation levels of Herbivores and carnivores respectively.
iv. The parameters k and I are carrying capacities of plant populations and herbivores population respectively.

V. The parameter o is the mortality rate of the carnivores.

Fp, H) =P

vi. The term a+P represents the functional response for feeding of plants by herbivores.
Here % is the half saturation constant.
G(H,C) = _nHC
vii. The term @, +H jndicates the functional response for feeding of herbivores by carnivores.

The P-H-C food chain model is mathematically represented as follows:

ap _ rp[lfﬁjfﬂ

dt k o, +P

dH H PH HC (21)
—=sH[l——j+ﬂ2 g

dt | o+P o,+H

dC y,HC

—=2——pC.

dt  o,+H Fo

The system (2.1) has thirteen parameters. It is evident that dealing a system having more number of parameters
is challenging and required more complicated analysis. Reformulating a model in dimensionless type is
helpful from many aspects. This procedure will facilitate to see the consistency of the model equations and
ensure that each one terms have an equivalent set of units in equation. Additionally, non-dimensionalizing a model
reduces the amount of free parameters and divulges a smaller set of quantities that govern the dynamics.

By non-dimensionalization, define

0]
i) Non dimensional time:t =1".7

o @
ii) Non dimensional plant density: P = P.P
[©) [<>)
iii) Non dimensional herbivore density: H = H . H
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o @ D D @
iv) Non dimensional carnivore density: € =C.C  where P-H.C and 7 are time independent constants.

By substitution these expressions, system (2.1) becomes

° o D o O @
d—z—rPr[l I;P},BIPHOHQDz-
dt o, +P.P
di o (8.H)| B PPH HCC
. T V. T
[S) _SHT[l_ | J_'_ 2 o @ s o @
dt a +P.P a,+H.H
c HHAC
[5) & 5] @T_ﬂocz-
dt  a,+H.H
@ k e 1 @ 1
By choosingP =— ,H =—,C =—, 7 =—, the non-dimensional form of system (2.1) is
re ST VT 5o
d—PzaP—Pz—ﬂﬂzpfl(P,H,C)
dt y+P 2.2)
a4 sH_nzAPH__HC = Hf,(P,H,C)
dt y+P wu+H
dC€ _ pHC ¢ _ (P, H,C).
dt u+H
r yA a,r S Bk a,s 7.l
A= f=m iy =g 0= AT = p T
B s B B r B S

Where
I11.Existence and Boundedness of the System

The right-hand side of system (2.2) is continuous and has continuous partial derivatives on the state
space R® = {(P H,C)e R®:P>0,H>0,C> 0} . Therefore, the solution of the system (2.2) with non-
negative initial condition exists; it is unique, and uniformly bounded.

Theorem (3.1) when 77 < {min (a, 6)} and f > A, p <1, the solutions of system (2.2) are uniformly bounded

for the positive parameter 7.

Proof: - consider (P, H ,C) be the solution of the system (2.2) with positive initial condition such that

dw dP dH dC

W=P+H+C, then—=—+—+—.
dt dt dt dt

HC

(L—V:/:(aP—P2+5H—HZ—C)—P—HP(,B—E)— H(l—p)
¥+ u+
Assume that B> ﬂandp<1, then

dd—vlls(aP—P2+6H ~H2-C) <(2aP - P? + 25H — H?)
When 7 = {min(a,5)}, then

dﬂmw S(az—(P—a)2+52—(H —5)2 <a’+o6*=v

dt
dﬂmw <o=>W=21me™ : wherem:W(O)—2
dt n n
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=W ((P,H,C) sﬁ{w (0)—3)e’7‘ <Z(1-e)+W(0)e ™
n n 7

Ast — oo W (t) lies between 0 andg, provided > Aand p <1.
n

)
Therefore, the region 2= {(P, H ,C) € Rf ‘W=P+H+c S—} in which the solutions of the system

n
(2.2) are uniformly bounded. O

IV. Steady States
aH 0 dC 0

dP
The system has the following six steady state solutions resulting froma = O’E = ’E =

a) The trivial steady state E; = (0,0, 0).
b) The steady state E, = (0, 0,0) .

c) The steady state E, = («,0,0) .

d) The boundary steady state E, = (O, H ,C_)) on the H-C plane

Where  _ _#P (p>1) andc - _#P | s__H |
p—1 p—1 p—1

e) The planar steady state E, = (IS, I:I ,0) on the P-H plane,

A

AN

AP -
H=6+ Aandp:l|:(a_7,)i\/(a_y)z_‘l(ﬂH_ayj}
y+P 2

f) The positive steady state E, = (P,H,C),
H =ﬁ,(p>1) p :%{(a_},)i\/(a_y)z _4[%]}”‘1

p—1
_ 7] +(0—1)1§_ N .
(P 1Y[ 7+§ ( )}

V. Existence and Stability Analysis of Steady States

Clearly, the three steady states E,, E; and E; always exist and stable.

ay(6+u)

Theorem (5.1): If 1< p<
ay(0+p)—2ups

stable.

Proof:-For the point E, = (0, H ,é) the corresponding Jacobian Matrix is
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a, 0 0
J(%): dy Qy Ay |
0 a, O
Where
A o 2 1
a, =a-— P = a SN azsz_z’as2:5(p_1)_ﬂ

&, =—""—_a,= =
y(p-1)"" y(p-1)" " p p-l
The characteristic equation of J (E,) is(ay, — l)[lz —a,A— azgagz} =0.1f a,<0,a,<0

ay(0+u)
ay(6+u)-2upo

anda,,a,, <0, which implies thatl< p< The steady state E, = (O, H ,C_Z) is stable,

otherwise it is unstable.

Theorem (5.2) Along with the condition stated in theorem (5.1), the steady state E; = (O, I:I ,é) is globally

stable in the H-C plane if £ = &
Proof: For any initial value in the H-C plane, the system (2.2) becomes
dH HC dC HCp
—_— gl ( H y C) =

—=0H-H*- —=
dt u+H And dt  wu+H

-C :gz(H’C)

Assume that M (H,C) = ’UJ(F:H , clearly M (H,C) > 0V(H,C) € interior of R?.

Now
aH
V.[M(H,C)]. (;j(t: :V'KﬂEH J(S:E:gm :zg—é(y+2H):—é(2H +(u=5))
dt

1
When 1 =&, this expression reduces to—E(ZH ) < 0, which is negative everywhere .Then according to

Bendixson-Dulac theorem, the periodic solutions does not exists in H-C plane. Since, all the solutions of the system
are bounded and E, are unique positive steady state in H-C plane; hence by Poincare Bendixson-Dulac theorem the

steady state E, = (O, H ,é) is globally stable.

(y+ P)(H —Hj

Theorem (5.3) Assume that the condition in the theorem (5.1) holds and if A < then the

steady state E, is globally stable.

Proof: Consider the function

V,(H,C)=IL|H ~H-H InLEJ +1, C—C—CIn[EJ , which is positive definite andl,, I,are
H C

positive constants to be determined.
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d, |H-H|dH ,|[C-C|dC
Thy AR i el
dt H | dt C |dt

hbﬂHJZH(HHj(cc]+bﬂ(HH)(ccj+hp4EHHj

ot i H+ +P

: : ﬂ[H+#j : (7+P)(H_Hj
By choosing non-negative constants L = I, =1,and if 1< 5
1~ —
H (,u+ H )

d(;:l < 0. Therefore by Lyapunov theorem the steady state E, = (0O, I:I , C_I) is globally stable.

Theorem (5.4) The steady state E, = (P, H ,0) exists, if 2 < a,B(S+A)+y" <2ayand S5 <ay .

AN

AA A H
Proof: Let P, H are the solutions of the equations: ¢ — P——ﬂ =0 and

A

y+P
N P4 C I N L
o—H+ —— — =0 .By solving first equation H =& + —and by substituting it in the second
y+P u+H y+P

3 2

equation we get Ig —(0{ - 2}/) I§> —[20[7/—ﬁ(5+ /1)— 7/2] |S— 7/(0{}/ —ﬂ5) = 0 .By Descartes’ rule of sign,

the positive solution P exists, if 2y <a,B(8+A)+y" <2ayand B < ay Therefore, the positive

A . A ] A
solutionsH = & + P/?'A and P :5[((1 —7)i\j(a—;/)2 —4(ﬂ H —aj/j] are exists,
y+P

if27/<a,ﬂ(5+/1)+7/2 <2ay,po<ay

Theorem (5.5): The steady state E, = (I?’, I:I ,0) is locally asymptotically stable,

ifcy; <0,¢, +C,, <0andc,;,C,, —C,,C,; >0 otherwise, it is unstable.

Proof: For the point E, = (P, H, 0) the corresponding variation matrix is

¢, ¢ O
J (E4) =1 Cu Cp Gy
0 0 ¢y

Where
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I:Iﬂ}/ A —ﬂlS I:Ia)/ " —Ifl HAp
anﬁ_P’ 12 = ~ 0 = 2 Cpp == 1,0y = G = A
(y-l-Pj (7+Pj (}/+Pj p+H p+H

The characteristic equation of J (E, )is(Cy — ﬂ,)[/lz —(Cy+Cyp)A+(cyCy - 012021)] = 0and the Eigen
values are 4, = C,,, A, + A, =C, +Cy,, 4,.4, = C;,C,, —C,,C,, .If C;; <0,C, +C,, <0and c¢,C,, —C,C,; >0,
then the steady state E, = (P, H,0) is locally asymptotically stable otherwise, it is unstable.

Theorem (5.6) Along with the conditions stated in theorems (5.4) and (5.5), and if ¥ = &

The steady state E, = (IS, I:I ,0) is globally stable in the P-H plane.

Proof: For any initial value in the P- H plane, the system (2.2) becomes

d—P:aP—PZ—w:gS(P,H)andd—H:é'H—H2+PHl:gA(P,H)
dt y+P dt y+P

y+P o
LetM (P,H) = o , clearly M (P, H) > 0V (P, H) interior R?.
Now

dP

dt | y+PY(9;(P.H) _-1 ~ _(;/+Pj, wheny =, this expression
V.[M(P,H)].d_H _v.{( o j[gA(P’H)H_H[zm(y a)] =

dt

y+P

-1
reduces to F[ZP] —( )< 0 which is negative everywhere. Then according to Bendixson-Dulac theorem,

the periodic solution does not exists in P-H plane. Since, all the solutions of the system are bounded and E, are
unique positive steady state in P-H plane; hence by Poincare Bendixson-Dulac theorem the steady state

E, = (P, H,0) is globally stable.
Theorem (5.7) Assume that the condition in the theorem (5.4) holds and if SH <(}/+ P)(}/-i- Pj the

planar steady state E, = (I?’, I:I ,0) is globally asymptotically stable.

Proof:-Consider the function

AN P A A H

V,(P,H)=m,|P-P-PlIn (7] +m,|H-H-HIn| — ||, where m and m, are positive constants
P

to be determined.

H-H | dH
H | dt
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W( s ook

(y+P{7+ j © H+H

By Choosing non-negative constants m, =1, m, = ('3(7’+ P)J and If BH < (7/+ p)[7+ E)j ,
Ay

V A A
d_tz < 0.Therefore, by Lyapunov theorem the steady state E, = (P, H,0) is globally asymptotically stable.

Theorem (5.8): The interior equilibrium point E, = (P, H,C) exists, if

p>1,(a—y)2>4[ﬁ—ayjand §p+w >(5+u).
p-1 y+P
- ﬁ’ - P/l C __0
7+P y+P y+H

and p* —1=0. By solving these equations we obtain

u+H

" . - - * -1)AP

H=-£_ p-1 (a-7)x (a—}/)z—{M(pl)] andC =—2~ > 5p+(p )l —(6+p)|.

p-1 2 p-1 (p-1) 7+P

Hence, the interior steady state E, = (I*D, H ,C*)) exists, if(a - 7)2 > 4(ﬂ_'ul_a7j and (,0 >1),
p —

(p- 1)P/1
;/+P

Sp + >(S+p).

Theorem (5.9): The interior steady stateE,=(P,H,C) is locally asymptotically stable, if
B, >0,B;,>0and ( B,B, —B,) >0, otherwise, it is unstable.

Proof:-For the point E, = (P, H,C) the corresponding Jacobian matrix is

b, b, O
J (Es) =|by by by |,
0O b, O
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Where
HP ~ -P HA CH ” H C
b11= *ﬂ_Plblzz €1b21= Z/zvbzzz . z_H!b23=_ *1b32= /uf)z-
y+P y+P [7/+P) [,u+Hj wu+H (/j—i—Hj

The characteristic equation of J (E; )is A° + B.A° + B,A+ B, =0.

Here B, = _(b11 + bzz)' Bz = (b11b22 _b32b23 _bleZl)’ Be = b11b32b23-

Now
: : pCup| NZ—H
B, = Iz-lz N1+§N§N32 ;B3=PCA3”) T p ;and N,, N, are defined by
2Ny H N, N,
N2 | N2+ PN * : N2N: y
N, =N,N; —=|CN;+PBN,; | N, =l u+H [>0, N, =| y+P |>0.If f<—"— , the coefficients
CH+PN;

of characteristic equation B, > 0 and B, > 0. Again,

consider A = B,B, — B, = (bn + bzz)(b12b21 —byb,, ) + (b22b32b23 ) :

- .. ) ) CuZpNa?(sz—Cj
AL [N1H+PN§N§}. (H ﬂ—N§)(C—N§)+/w37 + . .
N2N3 N3 PNS

(C_sz)N; * é 2 N2
=A=BB,-B,>0ifA>—— (N;—Hﬂj+* K P Therefore

Pr PNS(N1H+PN§N§j

By Routh-Hurwitze criteria, the interior steady state E, = (I;’, H ,é) is locally asymptotically stable,
if. B, >0,B, >0and(B,B, - B,)>0.
Theorem (5.10) Along with the conditions stated in the theorems (5.7), (5.8) and if SH < (7/ + P)(}/ + Pj

the steady state E, = (P, H,C) is globally asymptotically stable.
Proof: Consider the positive definite function
* * P * * H * * C
V,(P,H,C)=n, P—P—Pln(Tj +n,|H-H-H In[T] +n, C—C—CIn[T] :

P H C
wheren, n, and n, are positive constants to be determined.
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dv, P-P|dP H-H | dH c-C|dcC
—tn, ——— [ — N —— | —
dt P [ dt H | dt c | dt

%—_nl[p_ﬂ_nz[H_.:.T_nlﬂy[P‘E’)(H‘f)_nlpﬂ( P)r-h) (PP

+

dt (7+P)(7+ Pj (y+ P)[ ) (7,+p)(7,+,§>j
ng[c_é](i_l}w@ PJr-n)  (n-w)
H+H (7/+P)(y+P) p+H
Chose non-negative constantsnlzly nzz[ﬂ(ﬂ P) CH}]Z , and if SH <(}/+P)(7/+I:’)

Ay n,=| ——2—
G

dV * * *
<5t <0 E, = (P,H,C)

, dt . Therefore by Lyapunov theorem the steady state is globally asymptotically stable.

V1. Hopbifurcation

In the present study, various parameters have been used to exhibit the behavior of dynamical system. PHC
models with constant parameters are frequently found to approach a steady state where species coexist in
equilibrium. The behavior of a system may change in relation to the parameters used in the model. Such parameters
which cause the transition in a system are named as bifurcation points. At any point where the system has nontrivial
periodic solutions, a Hopf bifurcation occurs.

The following theorem established that Hopfbifurcation occurs for the system (2.2) at a critical value A = A .For
proving this, we follow Liu [7] approach.

2N 2
Theorem (6.1) Assume that £ < **2—*3 holds, then a simple Hopfbifurcation of the system (2.2) occurs
CH+PN;
atdA=A4~.
Proof. Assume that the local stability conditions hold, and
- (eong)ng *
Iet;L: [Ngz—H,Bj+* C,u pN , then
Br

PNj(N H+ P NZN )

_PCu’p[ N -Hp
3 Aen - N23 st

>0

.= '2_'2 N1+§N§N§
a=2 NZNg H

Andda) - _PHPBy 'Bsy[Nl H+P NZZN;}:O
N2 N3
Therefore,7 . # 0.Hence, a simple Hopf bifurcation occurs at A = A . The graphical presentation has been
A=A

shown in Fig. 6 and Fig. 8.
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VIIl. Persistence Analysis

In this section, the persistence of system (2.2) is studied. When each and every species inside a system is
persistent, the system as a whole is said to be persistent. As per the approach made by Freedman and Waltman [20],
the system is said to be persistence when the solution of the system does not possess Omega Limit Set with non-
negative initial condition on its boundary planes.

Theorem (7.1) Assume that the steady state E, = (P, H,0) is a globally stable in the PH-plane. Then the
necessary and sufficient conditions for the persistence of the system (2.2) are

A = HpA—l >0and 4 = HpA—l >0 (7.1)
u+H u+H

Proof: The boundedness of the solution and the global stability of the system (2.2) are proved in theorems (3.1)
and (5.7) respectively. Also, whenever the steady state E,exists, the Eigen value 4, gives the stability in the

positive direction orthogonal to PH- plane. If 4 < 0, there are orbits in the positive cone approach steady state E, .

Therefore H p > 1+ H is the necessary condition for the persistence of the system (2.2).

For the sufficient conditionH p > g+ H, by Freedman and Walt man theorem [5, 20], the growth
functions f, f, f;of the system (2.2) satisfies the following hypothesis

a_fl=i<o,a_fl=o
oH y+P oC
) o _ A _gof, -1
oP y+P oC u+H
My g __p
oP  oH  u+H
ii) In the absence of predator, the prey population grows to carrying capacity. That

is f,(0,0,0)=a >0, f,(0,0,0)= & > Oand %(P,0,0):—1<O, %(O,H,O):—ko.

<0

>0

Further, the predator extinct (i.e. f;(0,0,0) =—1<0) in the absence of the prey,

iii) The parameters S, A are positive. Therefore, there are no steady states HC and PC planes.

iv) When the carnivores are not present, the herbivores can survive on its prey. Therefore there exists steady
state E, = (P, H,0) inthe PH-plane, such that f (P,H,0) = f,(P,H,0)=0.hence, the system (2.2)
persists if the condition (7.2) is satisfied.

Theorem (7.2) for each limit cycle ((01 (t),(oz (t)) the condition for persistence of the system is in the
T
formJ- f,(¢.9,,0)dt >0, (7.2)
0

Where T is the time period of the limit cycle, such that the condition (7.2) holds and the PH-plane consists of a
finite number of limit cycles.

Proof: - When the existence of a limit cycle in PH-plane is assumed, the Jacobean matrix about the
cycle, P=¢,H =¢,,C=0is
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_ of, of
—L4+f -+ 0
2] op (2] oH
of of of
\% (¢1(t)a¢2 (t),O) = ¢28_F2) ¢2ﬁ (ﬂza_é (7.3)
0 0 f,

Where the partial derivatives and f; (i =1,2,3) in (7.3) are determined at(gol, 0,, 0) :

With the initial condition (t, Py, h,,C,), consider the solution of the system (2.2) exists and which is close

t0(¢1’¢2’0)'

From the variation matrix (7.4), a solution of the system %: f, (@1 (), ,(t),0).C withC(0) =1

t
.[ f3(¢1(5).9, (5).0)ds

e oC )
|56—COThus 5_00(t’ Py, Ny, Cy) =€

t
[ fa(@a().02(5).0)ds

Now, by applying Taylor’s expansion, we have C(t, p,,h,,c,)—C(t, p,,h,,0) = c,.€° .Then C
T

decrease or increase according toI f3 (gol, (02,0) dt is negative or positive respectively. The solution curves are
0

away from the PH-plane if conditions (7.2) and (7.3) hold, since the PH-plane consists of a finite number of limit
cycles.

VIII. Stochastic Analysis

In this section the stochastic version of the model has been formulated to take the influence of the random noise
which in the form of additive Gaussian white noise to the model (2.2).The model is

dP SH

— —aP-P2 - Pkt

o 4P 40 8.1)
dH , AP HC
— =SH-H?>+ H - +k,&, (t

dC pHC

—~ = —C k& (t

at i H 2S5 (t) (8.3)

Where P represents plants, H represents herbivores, C represents carnivores, k, k,,k, are real constants

&=(&,&,.¢;) isa3D Gaussian White noise process satisfying E [fl ] =0i=123

E [.f, (t)fj (t)] = é‘ijé‘(t —t'); i=]=123Wheres, O arethe Kronecker symbol and & -Dirac function

respectively.

et P=m,+S;H=n,+R;C=n,+T,
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P - dH -.dC -
= —— =M =1s

dt P dt dt
ﬂ(nﬁ@(nﬁéj
+k1§1(t)

m = +S) - (7, +S) - ﬂ( )

m+S

;/+(771+§j ﬂ+(’72+§)
M_(%+fj+k3é(t)

n;=p ¥
y+(7]2 + Rj

Linear part of above equations is

m =—m(t)§—§m (t)S+ké& (1)

. . 2 /1[771+§j(772+|*?j (772+§)(773+-F)
772:5(772+Rj—(772+Rj + +k,&, (1)

(8.1.1)
. * /’L * 1 *
17, = =17, (1) R+ =, () R—=u, (t) R+ k,&, (t)
4 H (8.2.1)
3 :an (t)T"'ksé:s (t)
H (8.3.1)
Taking F.T on both sides of (8.1.1),(8.2.1) and (8.3.1) ,we get
Klgfl(w)=(iw+§)m(s)+ﬁ§7}2(w)
Y (8.4)
- ﬂ/ * o~ . ® ~ 1 * o~
K, 52(0)):——R771(a))+(|a)+ Rjnz(a))+—R773(a))
4 H (8.5)
K, 4‘3(a))=—£T 1, (0)+ion, (o)
H (8.6)
The matrix form of (8.4), (8.5) and (8.6) is N (m)f;(a)) = 5 (o) (8.7)
a(0) (o) o) m(@) Kéle)
N(o)=|a,(0) b(e) ¢ (o) in(e)=|n(e)é(o)= (@)
(@) by(e) c(w) (@) K, &(w
When
Where
a,(0)=iw+Sib (@)=L S;6,(0) =0, (0) = 2R;
4 8.8)
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Eq (8.7) can also be written as 7}((0) = [N (a))]fl 5(60)

Let [N ()] = L(o)

Therefore,;}(a)) = L(a))§(a)) (8.8.1)
Where L(m)zw (8.9
N (o)
IN (@) =R(@)+i(Img(a)).
- 3 -
From the equation (8.8.1), we have 77, (@) = X L (@) §;(@),1 =1,2,3. (8.10)
j=L
3
The corresponding spectrum is S, (@) = X K; |Lij (a))|2 1=12,3 (8.11)
1 J:]-
The intensities of fluctuations in the variables 77, I =1,2,3are given by
1375 2
2_ L P
o’ 2 jz_l_wkj|Lij(w)| dwji=12,3. (8.12)
By (8.9), we obtain
sl Al s le [, 3lc |
2=—11k do+ [k, [—2~| do+ [k |—2~] do (8.13)
4 zn{[xm(w» A e S e }
e A [, =g [ elc [
2= 1|k do+ [k, |—=2~| do+ |k, —2~| do (8.14)
7 zﬁ{iwwﬂ Pl o T o }
el a [ s le [ s ]c [
2-= 1k do+ |k, —2=| do+ |k, [—2=| do (8.15)
7 zz{fum(wn L e R s }
Where
il () 55 i 5|
P u y
And
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TH
The equations (8.13),(8.14),(8.15) becomes

do

o =%{jw Rz(w)i |2(w)[K1{X12 FY 2K X Y+ K X7 4V

U

o0

|
o :%{[y Rz(w)i |2(w)[K1{X“2 FY 2K XY+ K X +Y62}:}d
|

S

L)

ik 1 :
Gzzg{j Rz(w)+|2(m)[Kl{x72+Yf}+ Ko { Xy +Y, ) + Ky (X +Y,7} | doo

m -0

If we are interested in the dynamics of system (8.1),(8.2),(8.3) with either K, =0 (or) K, =0 (or) K, =0,
Then the population variance are

If K,=0,; K,=0
Z_Ks(xsz)T 1
27 7 Rz(a))+|2(a))
Z‘KS(X62+Y62)T
2z R (0)+1* (o)

IfK, =0, K, =0 then

IfK, =0, K, =0, then
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0

(%.")

1

2 = d
S -[ORZ(a))+I2(a)) @
Xs +Y) % 1
Z:K( 5 5 q
o " -[ORZ(a))+I2(a)) @
X2+Y.2 % 1
2 =K, ¢ d
o~ oy _-[ORz(a))—i—Iz(a)) ¢

Population variance cannot be easily evaluated though analytical evaluation and hence it has been numerically
evaluated for different set of values and parameters using MATLAB. The graphical presentation has been shown in

Figurs.9-16.

IX. Numerical Illustrations

In this section, the variation of P.H and C with respect to time and in between P,H,C are computed numerically
for a wide range of values of the characterizing parameters «, 3,7, 4,9, i, p as shown in the following using
MAT-LAB and the results obtained are illustrated in Figures.
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3 =00025, ) =0985,0 =1, A =2,
P =2 =041

Using Theorem 6.1 we have determined the critical value of A as A =2.75. The system is found to be unstable

for A > A around the positive steady state E .when the value of A is taken to be A =2.75 the solution of the system

(2.2) has been as shown in Fig: 6, which explains the instability of system around the positive equilibrium point E, .
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Figures 9-16, demonist rates the periodic behaviour of the growth of the population in a random surroundings

with high and low intensities.
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Fig. 9 represents Variation of P,H,C Vs t for & =0.00698, [ = 0.0039, y =0.985,0=1, A=2,p=2, 1=
0.481, & =0.9332, £, =0.6958, &£, =0.8940, K, =0.2,K, =0.1, K, =3.
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0.412,£,=0952, &, =0.7175,&, =0.9511, K, =0.3, K, =0.2, K, =3
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2, | =0421, £ =08837, £, =0.6958, &, =0.8012, K, =02, K, =0.1, K, =3.
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Fig.16 represents Variation of P,H,C Vs, t for & =0.0069, £ = 0.0025, =0.985,0=1, A=4,p=2, 4=
0.421, & =0.8837, &, = 05978, &, =0.930, K, =5,K, =3,K, =2.

X. Conclusions

In this paper, a plant-herbivore-carnivore ecosystem has been considered. The boundedness of the solutions and
existence of steady states is established. The local and global stability of the proposed model around its steady states
has been analyzed. A Hopf bifurcation is studied around the positive steady state and the condition for the
persistence is established. We have formulated the stochastic version of the model by incorporating the Gaussian
White noise under the influence of fluctuating environment. Further we established the behavior of the system with
effect of stochastic perturbations. In this stochastic process we observed that the sensitivity of parameters causes
large environmental fluctuations which leads to chaotic behavior.

Statement of conflict of interest: On behalf of all authors, the corresponding author states that there is no conflict
of interest.
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