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ABSTRACT

In the present paper, we have investigated the influence of the effects of radially varying MHD and mass transfer on
peristaltic flow of Williamson fluid model in a vertical annulus. The governing equations of Williamson fluid model
are simplified using the assumptions of long wavelength and low Reynold’s number. An approximated analytical
solution has been derived for velocity field using Perturbation method. The expressions for pressure rise are

calculated using numerical integration. The graphical results are presented to interpret various physical parameters.
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I. INTRODUCTION

The study of peristaltic transport has enjoyed increased interest from investigators in several engineering disciplines.
From a mechanical point of view, peristalsis offers the opportunity of constructing pumps in which the transported
medium does not come in direct contact with any moving parts such as valves, plungers, and rotors. This could be of
great benefit in cases where the medium is either highly abrasive or decomposable under stress. This has led to the
development of fingers and roller pumps which work according to the principle of peristalsis. Applications include
dialysis machines, open-heart bypass pump machines, and infusion pumps. After the first investigation reported by
Latham [1], several theoretical and experimental investigations [2—5] about the peristaltic flow of Newtonian and
non-Newtonian fluids have been made under different conditions with reference to physiological and mechanical
situations. The peristaltic transport of magnetohydrodynamic (MHD) flow of a fluid in a channel is of interest in
connection with certain problems of the movement of conductive physiological fluids, e.g., the blood, blood pump
machines and with the need for experimental as well as theoretical research on the operation of a peristaltic MHD
compressor. Effect of a moving magnetic field on blood flow was investigated by Stud et al. [6], and they observed
that the effect of suitable moving magnetic field accelerates the speed of blood. Agarwal and Anwaruddin[7]

developed a mathematical model of MHD flow of blood through an equally branched channel with flexible walls
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executing peristaltic waves using long wave length approximation method and observed, for the flow blood in arteries with
arterial disease like arterial stenosis or arteriosclerosis, that the influence of magnetic field may be utilized as a blood pump
in carrying out cardiac operations. The principle of magnetic field is successfully applied to Magnetic Resonance Imaging
(MRI) when a patient under goes in a height static magnetic field. Abbasi et al. [8] developed a mathematical model on
peristaltic transport of MHD fluid by considering variable viscosity. Moreover, the influence of magnetic field on
peristaltic flow of a Casson fluid in an asymmetric channel was studied by Akbar[9]. Mahmoud et al. [10] have also

examined Effect of porous media and magnetic field on peristaltic transport of a Jeffrey fluid in an asymmetric channel.

The peristalsis in the presence of heat transfer is imperative in many processes as oxygenation and hemodialysis.
Heat transfer is also significant in the treatment of diseased tissues in cancer. Furthermore, the human lungs, bile duct and
gall bladder have stones that behave like natural porous media. Also, keeping in mind the pathological situations, the
distribution of fatty cholesterol and artery clogging blood clots in the coronary artery may be considered as the domains of
porous medium. The magnetohydrodynamic peristaltic flow in a channel has a pivotal role in the motion of physiological
fluids including blood and blood pump machines. Mass transfer in peristaltic flow occurs during the chemical breakdown
of food, amalgamation of gastric juices with food and in other digestion processes. Motivated by these facts, Akbar[11] has
carried out the influence of magnetic field on flow and heat transfer of a carbon nanotube induced by peristaltic waves and
observed that with the increase of solid volume fraction of the nanoparticles and heat absorption parameter, the
temperature profile increases significantly and also different authors have investigated the influence of heat transfer and
magnetic field on the peristaltic transport of Newtonian fluid and Non-Newtonian fluids with different geometries from[12-
17].Recently, few attempts have been made in the peristaltic literature to study the combined effects of heat and mass
transfer. Eldabe et al. [18] analyzed the mixed convective heat and mass transfer in a non-Newtonian fluid at a peristaltic
surface with temperature-dependent viscosity. Ogulu [19] examined heat and mass transfer of blood under the influence of
a uniform magnetic field. Very recently, Nadeem and Noreen Akbar[20] have investigated the effects of heat and mass
transfer peristaltic flow of Williamson model in a vertical annulus. The main aim of the present study is to provide an
analytical solution for the peristaltic flow of a non-Newtonian fluid under long wavelength and low Reynold’s number
considerations. The governing equations are constituted for Williamson fluid with radially varying. Exact solutions have
been calculated for energy and equation of concentration and also analytical solution has been presented for velocity

profile. At the end of the article graphical results have been presented for various parameter of interest.

2.MATHEMATICAL FORMULATION

v - o
—

Figure 1: Geometry of the problem
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For an incompressible fluid the balance of mass and momentum are given by
divV =0 @))

pd—v =divS + pof ()
dt

where Qis the density,V is the velocity vector, S is theCauchy stress tensor, f represents the specific body

force and — represents the material time derivative. The constitutive equation is given by

dt
S=-Pl+T 3)
r=-{n.+(n,+n.)(1-r7)" |7 )

in which — PI is the spherical part of the stress due to constraint of incompressibility, 7 is the extra stress tensor, /], is

the infinite shear rate viscosity, /], is the zero rate viscosity, [ is the time constant,and yis defined as

- 1 - = 1
- RZTid = g7 ®
i

-\-1|= =\ =
r=n,[i-ri) =-nli-r7) ©
The peristaltic transport of an incompressible Williamson fluid with radially varying MHD in a vertical annulus is
considered. The inner tube is rigid and maintained at temperature Tl , the outer tube has a sinusoidal wave travelling down

its walls and maintained at temperature 7.

The geometry of the wall surface is defined as

el

=a, (N

R, =a, +bsin2/]—n(Z—ct_) ®)

where @, is the radius of the inner tube, a, is the radius of the outer tube at inlet, b is the wave amplitude, A is the

wavelength, ¢ the wave speed and { the time.

The governing equations in the fixed frame for an incompressible Williamson fluid model are given as

oU U oW 0,50 50 7 0P 10 ==\ 0\ Sz

E+E+E"O(9)p£a +UaR+Waz]U' oR EaE(RS ) aZ(SRZ) R (19)
a—a—a—aﬁla d (= - = — =\ =y

p(ar U§+WEJW:_E_?£(RS) 37 5z2) *pea(T~T,)+ psa(C~C,)=BI7 (s +c) an
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The energy equation in absence of dissipation terms and the concentration equation are defined as

2 T 2
pep( L4002 e L |7y OL, LOT 0T (12
P\ ot oR 0z OR? ROR 07>

13)

(1_4'[7—_4“4—/—_ C —_ T == — — =—t—
OR? ROR 072 T |0R*> ROR 0Z°

] d\=_ [(0*C 10C 0°C)|, DK,(9dT 10T  o°T
=D + + + + +
ot OR 0Z "

In In the above equations, P is the pressure, U ,W are the respective velocity components in the radial and
axialdirections respectively, T is the temperature, C is the concentration of fluid, Ois the density, k denotes the thermal
conductivity, € » is the specific heat at constantpressure Tm is the temperature of the medium, D is the coefficient of mass

diffusivity, K is the thermal diffusion ratio.

In the fixed coordinates (R,Z ), the flow between the two tubes is unsteady.It becomes steady in a wave frame

(7, Z) moving with the same speed as the wave moves in the Z — direction. The transformations between the two frames

are
F=R, 7=Z —ct,

_ . (14)
u=U, w=W —-c,

where ' and W are the velocities in the wave frame.

The appropriate boundary conditions in the wave frame are of the following form

w=-1 at7 =7
w=-1 at7 =T,
T=T at 7=7
_ R 5))
T =T atr=r,
C=C, at7 =7,
C=C, at7 =1
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Introduce the non-dimensional variables

5891
R:i’ r_L,Zzé, Z:Z,W:K’ W:E,y:a_ZV’U:AU’
a, a, A A ¢ ¢ ¢ a,c
M:A_I/T,P:azzp,gz(]_T_]Tl),tzi,dza_z,Re:pcaz’s_azg,
a,c cAu (To— 1) A A Y7 cu
—_ — 3 _ (16)
:i: :_2_1 2 Q_"azz_ Gr = 8aa, (Tl T())
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Making use of (14) and (16),(9) to (13) take the form

ou u Ow

i+ =00
or r 0z

Re 53(ui+wiju= 9 _ 009 (rrrr)_ézi(rrz)(lg)
r 0z o ror '

0z
3. 9 P 19 9 2
Reé_(uar+wazj WwE-ooT rar(rfz)_da?(r ) +G,0+B,0—(M (r)) (w+1)

(19)
2
e on{u 2 2]-00,190 500

or 0z or~ ror 0z°

(20)
2 10( 06 0’6
Rea(umwaja_ 16(60},526‘2" +s, __( j g
or 0z ror\ or 0z

ror\ Oor 07*
where

21

p

Ou ow
=—{l+Wey] —0 +—
o2,

2T
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or 0z 0

r 0z

~29[1 +We y]da—w
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in which O,Re,We represent the wave, Reynolds and Weissenberg numbers, respectively. Under the

assumptions of long wavelength 0 << 1and low Reynolds number, neglectingthe terms of order & and higher,(18)-(21)
and boundary condition (15) take the form
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oP
— =0 22
5 (22)
oP _10 ow \ow 2
=2 1+we 2 |2 NG o +B o - (M +1 23
0z rar{r( earjar} ' 7 ( (r)) (1) =
2
0—a—f+l%+,8(24)
or

1 16[60} 1a(aej
O=—|—=|r—||+Sd ——=| r— | |25
Sc\ror or ror\ or

w=-=latr=rn=¢€

w=~-latr=r, =1+¢@sin(27z)
26
O=latr=r,8=0atr=r, (26)

o=latr=r,0=0atr=r,

M
In the forthcoming analysis variable set M (r) =—
r

where is the M is the Hartmann number, Sy is the Soret number, §. Schmidt number, B; is the local

concentration Grashof number, [/ is the viscosity of the fluid, 7, dimensionless form of radius of outer tube, ¢ amplitude

ratio and (G is the local temperature Grashof number.

3.PERTURBATION SOLUTION

Solving (24) and (25) subject to the boundary conditions (26), we obtain the expression for temperature and concentration

field as follows

H(r, z) = ai(a12 ln(r) +a,r’+ a14)(27)
11

U(r,z) = _&(alz ln(r) +a,r’ +a14) +a,Inr+ag (28)
1

To get the solution of (23) we employ the regular perturbation to find the solution. For perturbation solution, we

expand W, F and P as

w=w, +Wew, + 0(We2) (29)
F =F, +WeF, +0(We?) (30)
P =P, +WeP, +O(We*) (1)
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The perturbation results for small parameter We, satisfying the conditions (26) for velocity and pressure gradient

can be written as

M dpo

W(r,z) = clrM te,r +

2 4 M M
Ay’ +a,r’ In(r) *ar ta,r -1+cr” +e,r

+c:i_ilas9r2 _(yl’ls )r _(yp”)’

d_p = r22 __1 F+L,
dz )
where

a, :4(111(”1)_1“(”2))’“12 :4"'18(’”12 —r;),aw :,B(ln(rz)—ln(rl)),

a, = B(r2 ()= 12 1n(r, )~ 41n(r,). a, = -&( n(r)+a.r +a,).
a4, =- S;SIC (4, n() +ar? +ay,) . a, =ﬁ Cay =1=a, —a,n(r) a, = ,

Uy =0y Ty, Q5 =0y FAyg, A3y = Ay (azs + a27) + (a29 + a30)’ A3y = A3l

1

ass = _(a18 +a32)’a36 = _(a19 + a34)’a37 = _(a19 + a34)’a38 =ays t2ay,a,, = FEYE

>

a Sa
—_ _ — — 12 — 13 —_
ay, —M(M 1)cl,a41 —M(M +1)c2, a, =—,a, =—,a, =3a, +a,,

1 agy
Ays = ay, F 20, 0,5 = Q390,043,047 = aganag , Aug = 20350,,0¢s, Ayg = a5y,
sy = 205401, as; =1203,0,,0;, A5y = Q3030043 A5y = Ayo0y3Ges, As, = 20,30540;

Ass = O30350; , Asg = 2034030, As; = 1203,01305, Asg = Ay, Ga9Ggs, sy = 1,005,
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1
Agy = A4lag, gy = Uyylas, Agy = 20540, A =—, A, =12a5,a,,
1

-m , d
w, =c " +c,r ™+ 5" Ayr’ +ar’ log(r) +ayr’ +a,rt —=1(32)

4
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M _ -M._M (2.Mm _ 2.Mm
Cy=h h hn ’C22_(r1 L —nLn )aso’

- 2 M _2M 2 M _ 2 M 4 M _ 4 M
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_ -M -u  dp 2 2 2 4 _1(dp
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dz ’ cy \ dz
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3~ h 41 dz 397 Pisn Pan, | Vpiss o\ ar ) Y, or |

_ dp
S e g, T 33
_ G 1M 2+M) C, ( 2-M 2—M) _ Q3 ( 4 _ 4)
L= (r2 h + ) h Ly =—=\n, -1 ).
2+ M 2-M 4

L, 2611465(;34 (410g(r2)—1)—r14 (410g(;’1)—1))+ﬂ(rz5 —45)+%(r27 —;37)—%(;%3 —,33)

L=-L+L)
4. RESULTS AND DISCUSSIONS

Fig.2. shows that the velocity field using perturbation solution. In this section we have presented the solution of the
Williamson fluid model graphically. The expression for pressure rise AP is calculated numerically using Mathematica

software. The effects of various parameters on the pressure rise AP are shown in figures (3-7) for different values of
Weissenberg number (We), amplitude ratio (¢) ,Thermal ratio (,3) ,Radius value (é‘ ) and Hartmann number (M ) It is
observed that the pressure rise AP decreases with the increase in We, q, ,B, Eand M It is noticed that best peristaltic

pumping region with the Hartmann number M from Fig.7. Otherwise there is augmented pumping.
The frictional force on inner tube (F(”)) are observed from the Fig.8. to Fig.12. for various parameter values of

Weissenberg number (We), amplitude ratio (¢) ,Thermal ratio (ﬁ ) ,Radius value (E ) and Hartmann number (M ) As the

(0)

values of We, & and ,B are increasing. We observed that the plots for F'\”’is decreasing from Fig. 8, Fig. 10 and Fig. 12.
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while the figures Fig.9. andFig.13. are depicted that increasing as the values of ¢and M are increasing. The frictional

force on outer tube (F (i)) are observed from the Fig.13. to Fig.17. for various parameter values of Weissenberg number

(We), amplitude ratio (¢) ,Thermal ratio (ﬁ ) ,Radius value (E ) and Hartmann number (M ) It is found that, the F (¥ is
decreasing as the various values of We and ,Gfrom Fig.13.and Fig.16.while it is increasing for the different values of

¢ Eand M .

The Temperature of the field is increasing with the different values of ,8 whereas the concentration of the field

decreasing for the various values of (3, Srand Sc . The fixed constant values for Pressure Rise AP , frictional force on

inner tube F(o) and frictional force on outer tube F(i)are given byGr =2, We=0.1, M =0.3, Sr =5, Sc=0.2, Sc =0.2,

d
£=0.1,z=0.1,2=03 8=004
dz

-0.97 T T T T T 60
-0.98- 1

-0.99- 1

= -1.01
-1.02
-1.03
-1.04
1000 04 0.6 08 ‘1
r

Figure 2: Velocityfor G, =0.01,We =0.001, ,Sr =0.5,

Sc=0.3,Br=0.01,£=0.1,z=0.1, o _ 0.3, % =0.3, Figure 3: Effect of We on Pressure rise
Z Z

d
P -03,6=03, £=0.08
dz

www.tjprc.org editor@tjpre.org



5896 K. Venugopal Reddy, S. Ravikumar, SK. Abzal, M. Rajaiah & Y. Harnath

50

—— =0.10

O L L L L L L
-2 -1 0 1 2 -2 1 0 1 2
Q Q
Figure 4: Effect of ¢ on Pressure rise Figure 5: Effect of £ on Pressure rise
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Figure 6: Effect of ,3 on Pressure rise Figure 7: Effect of M on Pressure rise
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Figure 8: Effect of We on Frictional Figure 9: Effect of ¢ on Frictional
force(inner tube) force(inner tube)
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Figure 12: Effect of M on Frictional
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www.tjprc.org

-5
—//— — B=17]
-10F B=2 H
B=3
-15¢ — B=4 |
ks
201t ]
2510 1
_30 L L L
-2 -1 0 1 2
Q
Figure 11: Effect of [3 on Frictional
force (inner tube)
-10
20} 4
30+ We=0.1|
= We=0.2
-40 We=0.3| -
We=0.4
50+ 4
-60 L L L
2 -1 0 1 2
Q
Figure 13: Effect of We on Frictional
force (outer tube)
0
10+
201© 4
_ 30+t €=0.1]| A
T 20! €=0.2| |
€=0.3
50 £=04|
-60 L 4
-70 L I L
2 1 0 1 2

Figure 15: Effect of £ on Frictional
force (outer tube)

editor@tjprc.org



5898 K. Venugopal Reddy, S. Ravikumar, SK. Abzal, M. Rajaiah & Y. Harnath
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Figure 17:Effect of M on Frictional
Figure 16: Effect of [ on Frictional .force (outer tube)
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Figure 18: Temperature field for different Figure 19: Concentration for different
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Figure 20: Concentration for different Figure 21: Concentration for different
values of S7 values of Sc .
CONCLUSIONS

In this paper, we have investigated the influence of the effect of radially varying MHD andmass transfer on peristaltic flow

of Williamson fluidin a vertical annulus under the assumptions of low Reynolds number and long wave length

approximation. The analytical solutions are obtained for the angular velocity using Perturbation method and solution for
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Pressure Rise is calculated using Numerical integration. The behaviors of the flow characteristics are analyzed through

graphs.

e The angular velocity of the fluid is curved channel in the annulus.

»  The magnitude of the pressure rise AP decreases with the increase in We, ¢, ,5, Eand M .

*  The frictional force on inner tube (F (0)) is increasing as the values of ¢and M areincreasing.

*  The frictional force on outer tube (F (l))is decreasing as the various values of We and 3.

e If M =0,itis good agreement with Reference[25].
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